We obtain an analytical expression for the electromagnetic quasinormal spectrum of the higher-dimensional nearly-extremal Schwarzschild-de Sitter black hole. The WKB method is used to verify the results, and a comparison with known results from previous works is briefly made as well.
Introduction
Quasinormal (QN) modes characterize the dumbed oscillations of the geometry of space time when a black hole is perturbed, and they give us information about the stability of these perturbations. [1] [2] [3] [4] [5] [6] [7] Recently they attracted a lot of renewed interest thanks to the direct detection of gravity waves seen by the LIGO collaboration.
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Gravity wave Astronomy may test gravity and probe strong gravitational fields, while by observing the quasinormal spectra, at least in principle, we may determine the black hole parameters, such as mass, charge and angular momentum. However, one should bear in mind that as it has been pointed out e.g. in, 11, 12 the uncertainty in mass and angular momentum is large, leaving space for alternative theories. For reviews on the topic see e.g.
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The current cosmic acceleration 16, 17 as well as the AdS/CFT correspondence 18, 19 motivate the study of spacetimes with a non-vanishing cosmological constant. Furthermore, Kaluza 32 An analytical formula for the QN spectrum for scalar perturbations of the higher-dimensional Schwarzschild-de Sitter black hole in the near extremal case, similar to the one found in, 25 has been obtained in. 33 In 34 the extension to higher dimensions of the Zerilli equation for polar (even parity) and of the Regge-Wheeler equation for axial (odd parity) gravitational perturbations was given, and the QN spectrum for gravitational perturbations of the nearly-extremal higher-dimensional Schwarzschild-de Sitter black hole can be found in.
14 However, to the best of our knowledge, an analytical expression for the QN spectrum of the nearly-extremal higher-dimensional Schwarzschild-de Sitter black hole for electromagnetic perturbations is still missing.
It is precisely the goal of this short article to fill this gap in the literature. Therefore, here we compute for the first time the QN modes of the nearly-extremal Schwarzschild-de Sitter black hole in D > 4 dimensions for electromagnetic perturbations. Our work is organized as follows: In the next section we present the structure horizon of the black hole as well as the effective potential that enter into the Scrödinger-like equation, and in section 3 we obtain an analytical expression for the quasinormal spectrum in the near extremal case. We compare with results obtained within the WKB semi-classical approximation as well. We summarize our work in the fourth section. We set Newton's constant to unity, G N = 1, and we adopt the mostly positive metric signature (−, +, ..., +).
The higher-dimensional black hole
We consider Einstein's field equations in vacuum with a positive cosmological constant Λ D in a D-dimensional space time
( 1) with g µν being the metric tensor, R µν the Ricci tensor and R the Ricci scalar. The maximally symmetric solution of the field equations is the Schwarzschild-de Sitter solution given by where r is the radial coordinate, and Ω 2 D−2 is the line element of the unit D − 2-sphere, while the metric function is given by
where M is the mass of the black hole, and a is a length scale related to the cosmological constant,
. To study the horizon structure one has to find the roots of the equation f (r) = 0. Provided that
there are i) two real positive roots corresponding to an event horizon r H , and a cosmological horizon, r c > r H , and ii) a bunch of more roots, either negative or complex, r i , with the index i = 1, 2, .., D − 3. Therefore the metric function can be factorized as follows
To compute the QN frequencies ω n of electromagnetic perturbations, one has to solve a Scrödinger-like equation of the form
where the so-called tortoise coordinate r * is given by
The effective potentials V S,V (r * ) for electromagnetic perturbations are of two types, namely scalar-type (S) and vector-type (V), and they are given by 35, 38 
and
where the prime denotes differentiation with respect to r. When D = 4 both expressions collapse to the well-known case
, where l is the degree of angular momentum.
The spectrum in the near extremal case
In this section we show that when r H ≃ r c the effective potential that enters into the Scrödinger-like equation takes the Pöschl-Teller form
with V 0 being the height of the potential and α being its width. It is known that for a potential of this form one can obtain an exact analytical expression for the quasinormal frequencies
where n = 0, 1, 2, ... is the overtone number. We can rewrite the previous formula equivalently as follows
To prove this we closely follow the notation of. 25, 33 First, since r H < r < r c , when r c ≃ r H the radial coordinate is approximately constant r ≃ r H , and the factorized form of the metric function f (r) becomes approximately
where the constant A is related to the surface gravity κ = (1/2)f ′ (r H ) through the simple relation A(r c − r H ) = 2κ. Then the integral for the tortoise coordinate can be performed exactly finding r as a function of r * in a closed form r = r H + r c e 2κr *
1 + e 2κr *
Therefore, f (r) as a function of the tortoise coordinate is found to be
Finally, in the expressions for the effective potentials we observe that when r c ≃ r H , both the metric function and its derivative are negligible compared to the angular momentum term, which is the dominant one. Therefore, the effective potential for the perturbations takes approximately the form of the Pöschl-Teller form with width α = κ and height
for vector-type, and
for scalar-type. The main result of this short article is thus summarized in the following two formulas for vector-type, and
for scalar-type, while the surface gravity is terms of the parameters M, a is computed to be
We see that the real part of the modes depends on the degree of angular momentum only, while the imaginary part of the frequencies depends entirely on the overtone number. Furthermore, for D = 4 we recover the spectrum for scalar and electromagnetic perturbations studied in, 25 while the spectrum for scalar-type and for arbitrary D coincides with the spectrum for scalar perturbations studied in.
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As an example we consider the case where D = 5, M = 1, a = 2.829. The horizons and the surface gravity are computed to be r H = 1.98, r c = 2.02 and κ = 0.01. The real and imaginary part of the modes for vector-type are shown in Table 1 for l = 1 up to l = 10 and for n = 0 up to n = 9. 
Comparison with the WKB method
To verify our results we make comparison with the semi-analytical WKB approximation, 30, 31 which in the eikonal limit (l → ∞) becomes increasingly accurate. Following the ideas and the formalism developed in, 41 in the eikonal limit the QN modes of black holes in any spacetime dimensionality are determined by the parameters of the circular null geodesics where the Lyapunov exponent λ L is given by
while the angular velocity Ω c at the unstable null geodesic is given by
with f (r) being the metric function, and r 1 is the root of the algebraic equation
It is straightforward to verify that precisely the same expression for the QN frequencies in the eikonal regime can be obtained by the WKB method of first order
where Q = ω 2 − V , r 1 minimizes Q, and Q (2, * ) is the second derivative of Q with respect to the tortoise coordinate evaluated at r 1 .
In the same regime, l ≫ 1, our formula becomes approximately
Clearly both expressions have the same structure, namely there is a positive real part proportional to l without n dependence, and a negative imaginary part without l dependence, and with precisely the same n dependence, (n + 1/2). In addition, we can see that the Lyapunov exponent coincides with the surface gravity, κ = |λ L |. We now explicitly demonstrate that for the five-dimensional black hole. First we note that the parameters M, a of the black hole are related to the event and cosmological horizons as follows
and that the solution of the algebraic equation (24) in the D = 5 case is just r 1 = 2 √ M . Then all quantities of interest, namely surface gravity κ, Lyapunov exponent λ L as well as angular velocity Ω c are computed to be 
which in the nearly extremal case a 2 → 8M , r c ≃ r H , become √ 2Ω c ≃ κ ≃ (r c − r H )/r 2 H . Therefore, both expressions (21) and (26) become
and this concludes our derivation. Finally, in table 2 below we show the real and imaginary part of the QN modes in the eikonal limit for l = 100, 120, 140, 160, 180, 200 and n = 0, 1, 2, 3, 4, 5. In the parenthesis the WKB results are shown. The numerical values obtained show that regarding the imaginary part the agreement is excellent, while regarding the real part the agreement is of the order of 1%.
Conclusions
We have studied the electromagnetic quasinormal modes of the nearly-extremal Schwarzschild-de Sitter black hole in D > 4 dimensions, and we have computed the spectrum analytically. The real part of the frequencies depends on the degree of angular momentum only, while the imaginary part on the overtone number only. Known results from previous works are recovered as special cases. Finally, the WKB semi-analytical approximation was used to verify our results.
